STRING OPERATIONS ON RATIONAL GORENSTEIN SPACES 



TAKAHITO NAITO 



Abstract. Felix and Thomas developed string topology of Chas and Sullivan 
on simply-connected Gorenstein spaces. In this paper, we prove that the degree 
shifted homology of the free loop space of a simply-connected Q-Gorenstein 
space with rational coefficient is a non-unital and non-counital Frobenius al- 
gebra by solving the up to constant problem. We also investigate triviality 
or non-triviality of the loop product and coproduct of particular Gorenstein 
spaces. 

1. Introduction 

Chas and Sullivan [1] introduced a new algebraic structure which is an inter- 
section type product (called the loop product) on the shifted singular homology 
H* (LM) = H* +d (LM) of the free loop space LM = Map(5\M) of any closed 
oriented <i-manifold M. Cohen and Godin [J] generalized the product which is 
called string operations and showed that if* (LM) has the structure of a noncouni- 
tal commutative Frobenius algebra. It thus gives rise to a 2-dimensional topological 
quantum field theory without counit. The coproduct of H*(LM) is called the loop 
coproduct. 

After the appearance of pQ, several authors have extended the theory of string 
topology. For instance, Chataur and Menichi [5] considered string topology of clas- 
sifying spaces. They also proved in the article that the singular cohomology of the 
free loop space of the classifying space of a compact connected Lie group or a finite 
group with field coefficients is a homological conformal field theory. In 9 , Felix 
and Thomas developed string topology on Gorenstein spaces. A Gorenstein space 
was defined by Felix, Halperin and Thomas in jjj] and, for instance, closed oriented 
manifolds, the classifying spaces of connected Lie groups and Borel constructions of 
Poincare duality spaces are Gorenstein spaces. The following question is proposed 
by Felix and Thomas; see [HI p. 423]. 

Question. Do the string operations of the homology of the free loop space of a 
simply- connected Gorenstein space give rise to a 2-dimensional topological quantum 
field theory? 

To answer the question, it is necessary to consider the "up to constant problem" . 
That is to say, there is a problem which involves the strict associative of the loop 
product and so on. The aim of this paper is to give one approach for solving the 
problem in rational coefficient case. 

Let Dip and Dlcop be the dual loop product and the dual loop coproduct; see 
§2 and §3 for the precise definitions. Denote by (iJ*(LM;Q)) v = H*(LM;Q) the 
dual vector space of H*(LM; Q) and by 

Lp = (DlpY : H*(LM; Q) ® H* (LM; Q) — ► H*(LM; Q), 

Lcop = (DlcopY : H*(LM; Q) — ► H* (LM; Q) ® H*(LM; Q) 
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the duals of Dip and Dlcop, respectively. The following theorem is the main result 
in this article. Proposition 13.11 H~T1 and UTTl show the following identities (1), (2) 
and (3). 

Theorem 1.1. Let M be a simply- connected Q-Gorenstein space of formal dimen- 
sion d. Then, 

(1) Lp(Lp®l) = (-l) d Lp(l®Lp), 

(2) (Lcop ® l)Lcop = ® Lcop)Lcop, 

(3) LcopoLp= (-l) d (Lp®l)(l®Lcop) = (-l) d (l <g> Lp)(Lcop ® 1). 

Fundamental and important maps which appear in string topology are decom- 
posable with appropriate pull-back diagrams via the Eilenberg- Moore isomorphism; 
see [5] [H] ■ We shall build the proof of our main result Theorem 11.11 by combining 
the idea with tools in rational homotopy theory. Actually, the first use of such idea 
due to Kuribayashi, Menichi and the author [T2] gives an advantage in the study 
of string operations. 

Tamanoi 16, Theorem A] proved that if M is an oriented closed smooth mani- 
fold, both (Lcop <g) l)Lcop and (1 ® Lcop)Lcop vanish. However (Lcop <g> \)Lcop is 
not necessarily trivial for Gorenstein spaces. We will give an example of non-trivial 
case of (Lcop <g> \)Lcop in Example 16.51 The equation (3) of Theorem ll.il is called 
Frobenius compatibility and compare with Tamanoi's result [161 Theorem 2.2]. 

We now define the product m on H,(I¥; Q) = H* +d (LM ; Q) by 

m(a ® b) = (-l) d{M+d) Lp(a ® b). 

for a, b e H»(LM; Q); see [5J Proposition 4] and [TH1 §2] for the sign. By Theorem 
11.11 (1) and [121 Lemma 11.8], we have the following. 

Corollary 1.2. The shifted homology W*(LM;Q) = H*+d(LM;Q) endowed with 
m is an associative graded algebra. 

Another purpose of this paper is to investigate of triviality or non-triviality of 
the loop (co)product of a simply-connected Gorenstein space. In [16] , Tamanoi 
proved that the loop coproduct of a connected closed oriented manifold is trivial 
if its Euler characteristic is zero. Felix and Thomas [5] showed that, in rational 
coefficient, the loop product of the classifying space of a compact connected Lie 
group is trivial and the dual loop coproduct is non-trivial. For rational Gorenstein 
spaces, the torsion functor description of [T3] enables us to obtain the following two 
results about triviality or nontriviality of the operations. 

Proposition 1.3. Let M be a simply- connected Q-Gorenstein space with a minimal 
Sullivan model ( A V, d) . Suppose that the rational homotopy group of M is finite 
dimensional, that is, V is finite dimensional. 

(1) IfVis generated by odd degree elements, then the loop product is non-trivial 
and the loop coproduct is trivial. 

(2) If V is generated by even degree elements, then the loop product is trivial 
and the loop coproduct is non-trivial. 

We now remark that if V is generated by odd degree elements, M is a Poincare 
duality space since H*(M;Q) is finite dimensional. Therefore, by [12], H*(LM;Q) 
is unital and hence the loop product is not trivial. 

Proposition 1.4. Let M be a simply- connected ^-Gorenstein space whose minimal 
Sullivan model (AV, d) is pure. Moreover, assume that both V odd and V even are not 
zero. 

(1) If the differential d is zero, then both the loop product and the loop coproduct 
on H*(LM;Q)) are trivial. 
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(2) If dhxiV > dim v even , then the loop coproduct is trivial. 

See Definition 16.31 for pure Sullivan models. For example, even dimensional 
spheres, complex projective spaces and homogeneous spaces have pure minimal 
Sullivan models. As a computational example, we consider the loop (co)product on 
the Borel construction ES 1 x gi CP 2 . That gives the first example for which both 
of the product and the coproduct are non trivial in higher degree; see Example 16.51 
and compare with the result [TBI Theorem B (2)] due to Tamanoi. 

The organization of this paper is as follows. In Section 2, we recall a funda- 
mental definitions and facts for string topology of Gorenstein spaces. In Sections 
3 and 4, we give the definition of dual loop product and coproduct. A proof of an 
associativity of the operations is also stated in the section. In Section 5, we show 
that the loop product and the loop coproduct satisfy Frobenius compatibility. A 
proof of Proposition fOJl 11.41 and a computational example are presented in Section 
6. 

2. Preliminaries 

We first fix notation and terminology and recall some results for string topology 
on Gorenstein spaces. For a topological space X, let LX be the free loop space 
of X, let X 1 be the space consisting of all continuous maps from the closed unit 
interval I = [0, 1] to the space X and let evo : LX — > X be the evaluation map at 
0. Denote by LX Xx LX the pull-back 

LX x x LX-^^LX 

pr 2 

LX s- X. 

For a fixed s G [0, 1], let eVi >s : LX Xx LX — ► X be the map which is defined as 
ewi, s = £Vs ° Wi f° r i = 1,2. In particular, we put evo = eVifi ■ LX Xx LX X. 

We next recall the definition of Gorenstein spaces. Let A be a differential graded 
algebra, M and N differential graded A-modules. We denote by Ext^(M, N) the 
differential Ext in the sense of Moore, that is, the homology of Hom^P, M), where 
P is a A-semifree resolution of M; see [6] Appendix]. 

Definition 2.1 ([5J §3]). A differential graded augmented algebra over a field K, 
(A, d), is called a Gorenstein algebra of formal dimension d if 

(* ^ d) 



dimExt^(K,^l) = li 



(* = d). 

A path-connected space M is called a K- Gorenstein space of formal dimension 
d if the normalized singular cochain algebra C*(M) with coefficients in K is a 
Gorenstein algebra of formal dimension d. 

For example, any IK-Poincare duality space is a K-Gorenstein space. Given 
F — >• E — > B a fibration of simply connected spaces of finite type over a field K. 
Then, B is a K-Gorenstein space and P is a K-Poincare duality space if and only if 
E is a K- Gorenstein space ([BJ Theorem 4.3], [13] Theorem 1.2]). In particular, the 
classifying space of a compact connected Lie group G is a Gorenstein space with 
formal dimension —dim G. 

The following is a key theorem for string topology on Gorenstein spaces. 

Theorem 2.2 ( 9, Theorem 12]). Let M be a simply- connected K-Gorenstein space 
of formal dimension d whose cohomology with coefficients in IK is of finite type. 
Then 

Ext* c , {Mxn) (C*(M),C*(M xn )) £ H*- {n -^ d {M) 
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where C*{M) is considered a C* (M xn )-module via the diagonal map A : M — > 
M xn . 

In this paper, we consider the case that a ground field K is the field of rational 
numbers Q. Now, recall the fundamental facts on rational homotopy theory. For de- 
tails about rational homotopy theory, see [7] or [8] for example. A minimal Sullivan 
model for a simply-connected space X with finite type is a free commutative differ- 
ential graded algebra over Q, (AV, d), with a graded vector space V = © i>2 V 1 over 
Q where each V % is of finite dimension and d is decomposable; that is, d(V) C A- 2 V. 
Moreover, (AV, d) is equipped with a quasi-isomorphism (AV, d) Ap^(X) to the 
commutative differential graded algebra Ap-^(X) of differential polynomial forms 
on X. Observe that, as algebras, H*(AV,d) S H*(A Ph (X)) = H*(X;Q). 

Let M be a simply-connected Q-Gorenstein space of dimension d and denote by 
p : A — AV — > A PL (M) a minimal Sullivan model for M. Then, by Theorem 12.21 

H d (Rom A »2 (B, A® 2 )) = Ext£ 8a (A, A® 2 ) = fl°(M) = K, 

where e : B = £>(A, — > A is the two-sided bar resolution of A ([SJ Definition 
5.51]), and denote by 

A ! : B — ► A® 2 

the map of right A (82 -modules which corresponds to a generator of H°(M) = K. 
We will define the dual loop product and coproduct in §2 and §3 by using A\ 

We conclude this section by recalling the map which is called the Eilenberg- 
Moore map in rational coefficient case Consider a pull-back diagram 

E f — f ~^ E 

q \ f \ P 
X — B 

in which p : E — > B is a fibration and B is a simply-connected space. The induced 
map /* : Ap^(B) — > Ap^(X) gives Ap^(X) a right ApL(i?)-module structure and 
let e : P — > Apl(X) be a semifree resolution as left ApL(-B)-modules. Then, we 
have the quasi-isomorphism called the Eilenberg-Moore map 

EM : P® ApL (B) A PL {E) — > Apl (Ef) 

defined by EM(u ® x) = q*e(u) ■ f*(x) for u ® x 6 P ®a pl (s) A pl (E). For details, 
see [13], [IS] for example. 

3. Dual loop product and associativity 

In this section, we first recall the definition of the dual loop product on a simply- 
connected Gorenstein space M. Denote by p : A — > Ap^(M) a minimal Sullivan 
model for M. The pull-back diagram 

LM x M LM — LM x LM 



M >■ M x M 

gives rise to the Eilenberg-Moore map EM : M^AmAp^LM xLM) — > A PL (LM x M 
LM) . The dual loop product Dip is the composite map 

Dip : H*(LM) ^ H*(LM x M LM) 



EM" 



H*(M <g> A «2 A Ph (LM x LM)) H —-^H* (LM x LM) 



STRING OPERATIONS ON RATIONAL GORENSTEIN SPACES 



5 



Here A ! is the map stated in §2 and the map Comp : LM Xm LM — > LM is the 
concatenation of loops, namely, 

7i (2*) (0<i<i) 
72(24-1) (| < * < 1) 

for (71,72) € LM x M LM and t G [0, 1]. 



Comp(7i,7 2 )(i) 



Proposition 3.1. The dual loop product satisfy the identity 

{Dip ® l)Dlp = (-l) d (l ® Dlp)Dlp. 
Proof. Wc first consider the commutative diagram: 



LM x M LM x M LM ■ 

ev 



LM 



x3 



(Axl)A 



M 



x3 



LM x M LM x M LM ■ 

ev 



M 



M> 



(LM x M LM) x LM ■ 



Axl 



■ LM 



x3 



■ M 



x3 



EMi 
EM 2 
EM 3 



It is readily seen that the two bottom squares and the top square are pull-back 
diagrams and we denote by 

l <g> A) <g> A ® 3 A PL (LM x3 ) — > A Ph ((LM x M LM) x LM), 

® A ®2 Apl((LM x M LM) x LM) — > A PL (LM x M LM x M LM), 

< ® A ») (8>a®3 A PL (LM x3 ) — > A PL (LM x M LM x M LM) 

the Eilenberg- Moore maps of the diagram, respectively. We here remark that e ® 1 : 
B® A A® A is a semifree resolution of A®" 1 as A® 3 -modules with the A® 3 -module 
structure of A® 2 given by (product) ® 1 : A® 3 A® 2 , and e-e:B<8>AB->-,4isa 
semifree resolution of A as A (gl3 -modules. Then we have the following commutative 
diagram: 

(3.1) 

H*(LM) H*(LM) 



H(Comp) 

H*(LM x M LM) 

EM" 



(I) 

H(Compxl) 



H* 



A PL (LM x2 )f ( - 



(n) 

(gi(Compxl)* 



H(A ! «)1) 

H*(LM x2 ) 

fl(Compxl) 

H*((LM x M LM) x LM) 
em; 




ff(Comp') 

H*(LM x M LM x M LM) 

- EM" 1 

k*(M <g> A ®2 A PL ((LM x M LM) x LM)) 



ff(A ! ®(l(»l)®l). 



A) ® A83 ^(IM^))) 



>A) ® A83 A PL (iM x3 )) 



ff((A ! (g>l)®l) ^ 

H*(LM x3 ) 



(V) 

ff((A ! ®A ! )(gil) 



H*((B <8u B) ® A93 A PL (LM x3 )). 
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Here, the map Comp' : LM x m LM x m LM — > LM is the composition map given 
by 



Comp'(7i,72,7 3 )(t) 



7i (3t) (0<t<i) 
72(3t-l) (i<*<§) 
73(3* -2) (| < t < 1). 



The left J 4 02 -module structure of (B <g> A) ® A m A PL (LM x3 ) given by the natural 
right j4® 2 -module structure of B (g> A, that is, 

(h ® 6 2 ) • ((« ® a) <g> a:) = (-1)IM«I+IM(I«I+N)( u6l g a 5 2 ) 8 ^ 

for (u ® a) ® x G (B (g) A) ® A9 a A Ph (LM x3 ) and &i ® 6 2 G A® 2 , makes EMi a left 
v4® 2 -modulc map. The chain map T is defined by 

T(v ® (ti (8) a) (g> as) = (-l) |u IM( u ® uo) ® a; 

for u ® (u® a) <g>x in B ® A ig2 ((B ® A) (gi^sis Apl(£A^ x3 )), and we also see that T is 
an isomorphism with the inverse map r _1 ((u <g>v)®x) = (— l)' u "'"'w ® (u ® 1) ® a;. 

We now check the commutativity of the diagram (|3.1[) . Since the composite 
Comp(Comp x 1) is homotopic to Comp', the square (I) commutes. The equation 
(II) : fT(Comp x 1)EM = F,M 2 H(1 ® (Comp x 1)*) is shown by the naturality of 
the Eilenberg-Moore map and the commutative diagram: 



LM x M LM x M LM 



M 



A 


Comp x 1 







M > 



LM x M LM 



(LM x M LM) x LM 



Comp x 1 

LM x LM 



M- 



M > 



A straightforward calculation shows a commutativity of the other squares (in), 
(IV) and (V), and also shows that the equality EM 3 = EM 2 (EMi <g> l)r _1 . By the 
definition of dual loop products, 

(Dip (g> l)Dlp = H((A- <g) 1) <g> ^EM^ff (Comp x 1)H(A ] ® l)EM _1 .ff(Comp) 

holds. Therefore, the commutativity of the diagram (|3.1[) implies that 

(Dip <g> \)Dlp = H((A- ® A ! ) ® l)EM^ 1 iJ(Comp'). 

We next observe the composite (1 ® Dlp)Dlp. Consider the commutative diagram 

rx3 



M '■ 



LM x M LM x M LM ■ 

ev 



(lxA)A 



M- 



LM x M LM x M LM ■ 

A 



M y 



LM x (LM x M LM) 

evo x evo 

lx A 



■ LM y 



LM' 



where the two bottom squares and the top square are pull-back diagrams, and 
denote by 



EM 4 : (A (g>B) ® A ® 3 A PL (LM xi ) — > A PL (LM x (LM x M LM)), 
EMk : B 

<S>a® 2 A P \j(LM x (LM xm LM)) — > A P ^,(LM xm LM xm LM) 
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the Eilenberg-Moore map of the two bottom squares. Then, we have the commu- 
tative diagram: 

(3.2) 

H*(LM) s- H* (LM) 

H(Comp) (I') ff(Comp') 



(I') 

H(lxComp) 




H* (LM x M LM x M LM) 

EM- 1 

A m (LM x (LM x M LM))) 



(1®EM 4 



H* (LM x (LM x M LM)) H* (1 

H(A ! ®(1(»1)®1) 



A m ((A ® B) ® Am A Ph (LM x3 ))) 



em; 



H*((A <g B) ® Am A Ph (LM x3 )) 



ff((l®A')®l) ^ 

H*(LM x3 ) 



(V) 

(-l) d //((A ! ®A ! )(»l) 



r' 



H* 



93 A Ph (LM x3 )). 



Remark that the left A® 2 -module structure of (A (g B) ® i83 ^4pl(£M x3 ) given by 
the natural left j4® 2 -module structure of A (g B, that is, 

(h ® 6 2 ) • ((a ® u) (g) je) = (-l) |a||b2 ' (61a (g) 6 2 u) (g a; 

for (d®u)®ie(yl®B) ® A ® 3 A PL (LM x3 ) and 61 (g 6 2 G ^l® 2 . It is readily seen 
that the map EM^ preserves the left yl® 2 -module structure. The chain map r" is 
defined by T'(v (g (a (g u) (g x) = (— l)l a IM (av <g u) (g a; for any w (g (a (g u) (g a; in 
B ® A m ((A (g 1) (g A ® 3 A PL (LM x3 )). 

We can check the commutativity of the diagram (|3.2p as with the proof of the 
commutativity of the diagram (|3 - 1 [) described above. Indeed, we see that 

(1 (g Dlp)Dlp = H((l <g A ! ) (g 1)EM4 (1 x Comp)i/(A ! (g l)EM" 1 i/(Comp), 

and the square (I') commutes since (1 x Comp)Comp is homotopic to Comp'. The 
equality (IF) : H(l x Comp)EM = EM 5 H(1 (g (1 x Comp)*) is shown by the 
naturality of the Eilenberg-Moore map and the following commutative diagram: 



LM x M LM x M LM ■ 



M '■ 



A 


1 X Comp 







LM x M LM 



LM x (LM x M LM) 

evo X evo 

1 X Comp 

LM x LM 



M- 



We also see that the commutativity of the diagrams (HI'), (IV'), (V) and the equality 
EM 3 = EM 5 (EM4 (g l)(r') _1 by a straightforward calculation. Therefore, conclude 
that 

(-l) d (l eg) Dlp)Dlp = H((A' (g A ! ) (g l)EM 3 " 1 J ff(Comp') = (Dip (g I) Dip. 



□ 
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4. Dual loop coproduct and associativity 

We begin recalling the definition of the dual loop coproduct on Gorenstein spaces. 
Consider the pull-back diagram 

LM k m LM C ° mp > LM 



M ■ 



A 



M x M, 



where the map j is defined by j(-y) = (7(0), 7(5)) for any loop 7 on M. It gives 
rise to the Eilcnberg-Moore map 

EM' : B <g> A ®2 A PL (LM) — > A Ph (LM x M LM) 

and we have the composition map called the dual loop coproduct 



Dlcop : H* (LM x LM) 



ff(inc) 



H*(LM x m LM) 
^j(EM')- 1 



H*( 



A m Ap L (LM)) H -^^- ) H*{LM). 



Proposition 4.1. The dual loop coproduct satisfy the identity 
Dlcop{Dlcop ® 1) = (-l) d Dlcop(l ® £>Zcop). 
Proof. We first consider the following pull-back diagram: 



(4.1) 



Comp 

LM x M LM ^ LM 



M ■ 



T M oj 

M x M, 



where Tm ■ M x2 — > M x2 is the switching map. Let EM be the Eilenberg-Moore 
map of the diagram (I4.1[) . r : A® 2 — >• A® 2 the switching map and f : B — > B a chain 
map satisfy f 2 = 1 and makes the diagram commutes: 



where t is the inclusion. Both the map A ! and to A ! of are in Ext^®2(A, A® 2 ) = Q, 
there is a scalar A £ Q such that A ! = At o A ! o f in Ext^ 82 (A, A® 2 ). Hence, we 
obtain the following commutative diagram: 

H* (LM x LM) 

H(inc) 



Dlcop 




H*(LM x M LM) 

(EM')- 1 



H*(M ® A ®2 A Ph (LM)) 
H* (LM x LM). 




2 A PL (LM)) 



Aff(A ! ®l) 
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Here, the commutativity of the upper right triangle is shown by the commutative 
diagram: 



LM x M LM 



Comp 



LM 



M- 



LM x M LM 

ev a ^ 



Comp 



M x2 

Tm 



LM 



M' 



-+M x2 . 



T M oj 



Since A ! = ttA'tt = XrA'f = A 2 A ! , we see that A 2 = 1. Let EM' and EMj be 
the Eilenberg-Moorc maps of the top and bottom square of the following diagram, 
respectively: 



(4.2) 



(LM x M LM) x LM Compxl ^ LM x LM 



svq X evn 



M 



M 



X2 



Axl 



M 



x3 



J xevo 



x2 



(LM x M LM) x LM 

evo xevo 

Axl 



Compx 



T M xl 



LM x LM 



M 



x3 



M ojxev 



Then, the definition of the dual loop coproduct and the equation A 2 = 1 show 
that 



Dlcop(Dlcop ® 1) = H(A' <g> l)(EM') _1 H(inc)i/((A ! ljfEM;)-^ (inc x 1) 

= A 2 i?(A ! ® ^(EM')- 1 H(mc)H((A' ®1)® l)(EM 1 ) _1 iJ(inc x 1) 
= H(A- ® l)(EM')- 1 H(inc)i/((A ! ®1)® l)(EM' 1 ) _1 _ff(inc x 1). 



Consider the commutative diagram 
(4.3) 



LM x M LM x M LM ■ 

ev 



Comp' 



M '■ 



M 



x3 



, , , r , r Compxl Comp 

LM x m LM x m LM - LM x M LM - 



LM 
6 
LM 



M- 



^ M x M ■ 



lxA 



M 



x3 



where the maps f, j\ and j% are defined by 

fh) = (7Q.7(0),7(|)), Ji = (7(J),7(0),7Q), ^2(71,72) = (71 Q , 7i(0)) 
for any 7 G and (71,72) S LM x« LM, respectively. The map £1 is given by 

£i(7)(*) = 



7(1*) (0 < t < |) 



7(|* -2) (§<*<!) 
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for 7 6 LM and t 6 [0,1]. Since the bottom two squares and the top square of the 
diagram (|4.3D are pull-back diagrams, it give rise to the Eilenberg-Moore maps 

EM' 2 : B ® A ®2 A PL (LM x M LM) — > A PL (LM x M LM x M LM), 



EM3 
EM', 



(A <g> B) <g> A ®3 A PL (LM) — >■ A PL (LAf x M IM), 

(B <g) A B) ® A ®3 A PL (LM) — ► Apl (LM x M LM x M LM), 



respectively. We here note that there is a map between the bottom and left-hand 
side square of the diagram (14.31) and the diagram (|4.2I) such as the following: 



(4.4) 



LM x M £M x M iM • 

ev 



Comp X 1 



M x M 



M x M ■ 



(LM x M LM) x LM 



Axl 



Compx 1 



LM X M £M 



LM x LM 




We hence get the following commutative diagram: 
(4.5) 

H* (LM x LM x LM) 

H(inc) 

(I) 



ff(incxl) 



H*((LM x M LM) x LM) 

(em;)- 1 



ff(inc) 



H*(LM x M LM x M iM) 

(EM!,)- 1 



A*® (lx4) « inc* 

H*((M <g> A) ® Am A Ph (LM x LM))— -+H*(I 



_ff((A ! ®l)®l) 



H*(LM x LM) 

ff(inc) 

L 7 * (LM x M LM) 
(em') -1 = 
i?*(B ® A8 2 Apl(LM)) 

H(A'<»1) 




2 Apl (LM x M LM)) 



i^em;,; 



(IV) 



Lf*(B ® A ®2 ((A ® B) (8)^83 Apl(LM))) 



(V) 



H*(LM) 



(-l) d ff(£i).F/((A ! «>A ! )«>l) 



0i 



^03 A PL (LM)) 



Here, A* ®(i X A)» mc * is given by 

(A* ®(ixA)* inc*)((u ® a) ® x) =mo® inc*(a;) 

for (u ® a) ® a: € (B ® A) <x>yi®3 Apl (LM x LM). The chain maps 61 and &[ are 
defined as follows: 

Q%((u ® v) (£> x) = u <Z) (1 <Z) v) <Z) £*(x), 

e[(v ® (a g> u) ® ar) = ^(-l)MM+(l«i|4>l)(l<*l+M) W2tl g 

where A ! (w) = X) u i ® w 2- We also note that the left A® 2 -module structure of 
(A <X> B) (g) A ®3 A PL (LM) given by the natural left A® 2 -module structure of A <g> B 
makes EM 3 a left A® 2 -module map. 

We now check the commutativity of the diagram (|4.5p . A commutativity of (I) 



[ev\ (via) 
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is trivial, and (II) is shown by the naturality of the Eilenberg-Moore map and the 
commutative diagram (|4.4p . It is readily seen that the diagram (HI), (IV) and (V). 
By the diagram (|i3]> . we see that EM4 = EM 2 (1 <8> EM^Gi. Therefore, 

Dlcop{Dlcop <g> 1) = (-l) d #(6)#((A ! ® A ! ) <g> l)(EM' 4 ) _1 .ff (inc). 
On the other hand, consider the two commutative diagram 



(4.6) 



LM x M LM x M LM ■ 

evo 



lxComp 



LM X M LM 



M x M 

Axl 



32 



a LMx(LMx M LM) 



1 X Comp 



M x m • 



1 x A 



M 



x3 



LM x LM 



and 



(4.7) 



LM x M LM x M LM ■ 

' evo 



M' 



Comp' 



LM 



M > 



LM x M LM x M LM — 1XC ° mp > LM x M LM — m * 



M- 



M x M ■ 



:>2 



LM 



Axl 



M xd , 



Ji 



where and j' 2 are defined by ^(7) = (7(f), 7(0), 7(f)), j 2 (7i, 72) = (72(0), 72(f)) 
for 7 £ LM and (71,72) £ LM Xm LM, respectively. The map £2 is given by 



&(7)(*) 



7(1*) (0 < * < |) 

7(|* + l) (!<*<!)■ 



We denote by 



EM5 : (A <g>B) ® A ®3 Apl (LM x LM) — > A PL (LM x (LM x M LM)), 
EMg : B <g> At g,2 A PL (LM x M LM) — > A PL (LM x M LM x M LM) 
EM' 7 : (B <g> A) <g> A ®s A PL (LM) — ► A PL (LAf x M LM) 



the Eilenberg-Moore maps of the bottom square of the diagram (|4.6p , the top square 
of (I4.6[) and the bottom and right-hand side square of (|4.7|) . respectively. Then, we 
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have the commutative diagram: 
(4.8) 

H*(LM x LM x LM) 

ff(lxinc) 

H*(LM x (LM x m LM)) 

(em^)- 




(n') 



H*(LM Xjj LM x m LM) 

(EM^)- 1 



A*8 l4x d* inc* 

Lf*((A®B) <8u® 3 A PL (LM x LM)) — -^-LP(I 



(in') 



H*(LM x LM) 

ff(inc) 

H*(LM Xjf LM) 

(EM')" 1 



-ff(A ! (g)l) 



(IV') 



LP(B ig> A ®2 A PL (LM)) 

ff(A ! <g>l) 



LPi 



H*(LM) 



(V) 

,ff(£2)tt((A ! ®A ! )<g)l) 



S> A ® 2 A PL (LM x M LM)) 



l®(EMi)- 1 



B (g) A ®2 ((B ® A) ® A ®3 A PL (LM))) 
"e 2 

ff*((B ® A B) ® A «3 Apl (LM)). 



Here, A* <8>(Axi)* mc * is the map induced by the map between the pull-back dia- 
grams described in (|4.7[) . that is, 



(A* 



(Axl 



)» inc*)((a u) <8> x) = cm <g> inc*(x) 



for (a ® u) <S> x € (A (g> B) ® A «3 Apl (LM x LM). The chain maps 62 and OJ, are 
given by 

B 2 ((u®v)®x) = (-l)^v®(u® l)®Q(x), 

B' 2 (v ®[u®a)®x) = ^(-l)MI«i|+(M+W)l'*l m , 1 ® (ew|p(at) 2 ) • x) , 

where A ! (v) —^2vi®V2- By the definition of the dual loop coproduct, we see that 

Dlcop(l ® DZcop) = JL(A ! ® l)(EM') _1 H(inc)i/((l ® A ! ) ® ^(EM^'fffl x inc) 

Similar argument of the proof of the commutativity of the diagram f|4 .5[) described 
above shows the commutativity of the diagram (|4.8[) . We also see that the equation 
EM4 = 9 2 (1® EM' 7 )EMg holds, therefore the commutativity of the diagram (|4~8)l 
shows 

Dlcop(l ® DZcop) = H(&)H((A- ® A ! ) ® 1)EM' 4 "" l H (inc). 
Since the map L 7 : LM x [0, 1] -)• LM defined by 



7(1(1 + *)*) 
ff(7,*)(*)H 7(|* 



(0 < * < |) 



7((|- 1^-5 + 1*) (f^*<l)> 
for 7 g LM and s, t G [0, 1] is a homotopy from £1 to £2, we have 

Dlcop(Dlcop <g> 1) = (-l) rf L>Zcop(l ® DZcop). 

This completes the proof. 



□ 
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5. FROBENIUS COMPATIBILITY 



In this section, we prove that the dual loop product and the dual loop coproduct 
satisfy the Frobenius compatibility. 

Proposition 5.1. One has 

<g> Dlcop)(Dlp (gi 1) = Dip o Dlcop = {-l) d {Dlcop ® 1)(1 ® Dip). 

Proof. We note that the notations EM^ and EM', are described in §2 and §3, re- 
spectively. Consider the following three commutative diagrams: 

Compxl 

(5.1) LMx M LMx M LM 

ev 




(5.2) 



LM x M LM x M LM 




LM x (LM x m LM) 



M x M ■ 
(5.3) 



[LM x M LM) x LM 

'evoXevo Axl 







lxA 




inc 


















-s- M 


x3 





LM 



X3 



LM x M LM x M LM 



M 



A 


T(321) 







^£M x (LM x M LM) 



1 xComp 



LM x M LM x M LM 

A 




ev XJ 



Here T : LAf x M LAf — > LA/ x M LM is the switching map and £ : IM -> LM is 
a map given by 

7(2<+i) (0 < t < |) 

7(*"i) (|<*<3) 
7(|*) (I<*<1) 

for 7 G LM and £ € [0, 1], and the maps T( 12 3) and T( 32 i) are given by 

r (123)(7l,72,73) = (73,71,72), ? 1 (321)(7l,72,73) = (72,73,7l) 

for (71,72,73) in LM x M LM x M LM. Denote by 

EM'/ : B ® A ®2 (LM x M LM) — > A PL (LM x M LM x M LM) 

EM 2 ' : (B ® A) ® A «3 A PL (LM x2 ) — > A PL (LM x M LM) 

the Eilenberg-Moore maps of the top square of (|5.1[) and the bottom and right- 
hand side square of (|5.3p . respectively. In order to obtain the result, we consider 
the following diagrams: 



(5.4) 



(Dlp®l) 



H*(LM x LM) g(Compx - i) g*((£M XM2 ) x LM) — ^ - H*((M® A) ® A ®3 J 4 PL (LM ><3 )) 



ff(inc) (I) 



(EMi)" 



if(inc) 



(H) 



i3"((A®l)(g>l) 



A*® (lxA) »inc* (HI) 



^H*(LM x3 ) 



ff(lxinc) 



iP(LM x M LM) g(C ° mpXMl ~ H*(LM Xm3 ) (EM f " , ff*(B Apl (LM x (LM X - 2 ))) g(A ' 01) , H*(LM x (LM Xm2 )) 



H(T(32i))=-H'(T (12 3))- 1 (1®EM' B )- 



(VI) 



(EM^)" 1 



(EM')" 1 (IV) H*(LM Xm3 ) 



(EM'/)" 1 



(V) 



ff*(B (8) A «2 ((A ® B) <8> A »s A PL (LM^j) -^J^ 1 ( ) (A ® B) <g> A ® 3 A PL (LM x2 )) 



v XlKiEM^')-- 1 



Ap L (LM>< 2 ))) (IX) 



ff((l<g>A ! )«>l) 



ff(A ! ®i) (vn) 



H(T)H (A>®1) (Vffl) 



ff(Comp) 

H*(LM) — H*(LM Xm2 ) 



<i>' 



(EM)" 1 „ (-l) d ff(A ! ®l) 

■i?*(B ® A ® 2 A PL (LM x2 )) — - — ->■ H*(LM x LM). 



> 

H 
O 

> 

O 
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Remark that the left A® 2 -module structure of (A <g> B) (g> A ® 3 A Ph (LM x2 ) given 
by the natural left A® 2 -module structure of A <g> B makes EM 5 a left A® 2 -module 
map. Similarly, the left A® 2 -module structure of (B ® A) (g> A ®s A PL (£M x2 ) given 
by the natural right A® 2 -module structure of B ® A makes EM ' 2 ' a left A 02 -module 
map. The chain map $ is defined by 

$(w <g> (u ® a) ® x) = <g> (1 <g> ua) <g> x 

for u ® (it <g> a) <g> x G M(g> A m ((R&A) ® A ® 3 A PL (LAf x2 )). We also see that $ is an 
isomorphism with the inverse map 

$ -1 (t; ® (o ® u) ® x) = (-1)M(M+M)+MM U ® ( a « » 1) (g> x 

for w ® (a u) ® x in B ® A ®2 ((A ® B) ® A 03 A PL (LAf x2 )). The chain map $' is 
also given by 

$> g> (u ® a) ® x) = ^(-i)MM+MM+WM UUl ® (ew* ip(owa) • x) 

for w®(u(g)a)(8)x G B(g) A85 2 ((B®A)® A ® 3 Ap L (iM x2 )), where A ! (v) = J] w i® w 2- We 
here show the commutativity of the diagram (15.41) . The commutativity of the square 
(I) is trivial. The naturality of the Eilcnberg-Moore map and the commutative 
diagrams (|5.1[) . (|5.2I) and (|5.3[) show that the diagrams (IV), (II) and (V) commute. 
The straightforward calculation show the commutativity of (HI), (VI), (VHI) and (I 
X). Since £ is homotopic to the identity map with the homotopy H' : LM x I — > LM 
given by 

f 7(^+f5ff) (0 <*<!,) 
H'fx ^-h) {\s<t<\ + \s) 

{ 7(^-3^) (i + i-<*<l), 
the following shows the commutativity of (VH); 

iJ(Comp)iJ(A ! <g> l)(it ® x) 
=if (£Comp o T)iJ(A ! ® l)(u ® x) 
=iJ(T)i7(eComp)(j*(p®p)A ! (w) -x) 

=tf(T)((£Camp)Y(p® P)A ! H • (£Comp)*(x)) 
=fr(T)((ewi I o,ei; lt i)*(/j®p)A l («) • (£Comp)*(x)) 
=H(T)H(A ] <g> l)(u ® (^Comp)*(a;)) 
=H(T)H(A ] ® 1)(1 <g> (£Comp)*)(u ® x). 

for u ® x in #*(B A PL (LAf)). We conclude that 

DZp o Dlcop 

= ff(A ! ® 1)$'(1 (8) EM 2 _1 EM"F(T (123) )ff(inc)#(Comp x 1) 

=(-l) d #((l <g> A ! ) ® l)iJ(A ! <g> (1 (g) 1) ® 1)(1 ® (EM^-^EM^ 1 ^ (inc)i7(Comp x 1) 
=(-l) d (l ® Dlcop)(Dlp ® 1). 
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A similar argument shows that the second equation Dip o Dlcop = (—\) d (Dlcop ( 
1)(1 <g> Dip). Consider the following three cubes: 

lxCompoT 



(5.5) 



LM x M LM x M LM 

ev 

' (lxCompoT)T (321) 



M > 



LM x M LM 



Comp 



LM x M LM 

Xev 2 i ,ev 2 ,o) 

{'Comp 
S- LM 



M y 



(5.6) 



LM x M LM x M LM 




{LM x m LM) x LM 



LM 



X3 



LM x M LM x M -LM 

e« 



(LM x M LM) x LM Compxl , LM x2 





fil xl 



LM x M LM x M LM 



The map £' : LM — ► LAL is given by 

r 7(^+1) (o<<<i) 

Z'b)(t)={ 7 (2t -1) (|<*<!) 

l7(*-i) (!<*<!)• 
We denote by L2i the rotation of loops by |, that is, 

7(* + |) (0<i<i) 



^ (7)W -^ 7(*-|) (!<*<!)■ 
Denote by 

EM" 3 : B <g> A ® 2 A PL (LM x M LAL) — ► A PL (LAL x M £AL x M LM), 

EM" 4 : (A <g> B) (gi^sa A PL (LAL x LAL) — ► yl PL (LAf x M LAL) 

the Eilenberg-Moore maps of the top square of the diagram f|5.5[) and the bottom 
and right-hand side square of (|5.7p . respectively. Consider the following diagram: 



(5.8) 



H*(LM x LM) 



ff(lxComp) 



ff(inc) (I') 



(EMi) 



(l®Dlp) 

■H*((A ® B) ®a®3 A PL (LM x3 )) 



if(inc) 



(n') 



i/((l<g>A ! )<g>l) 



A*® (Axl) ,inc* (HI') 



^H*(LM x3 ) 



H(incxl) 



tf*(LM x M £My (1XMC ° mp °^ H*(LM Xm3 ) iEM ^ yl ? H*(M A PL ((LM X ™ 2 ) x LM)f { -^ H*((LM X - 2 ) x LM) 



ff(T ( l 23 ))=-ff(T (321) )- 1 



(l®EM'i)- 



(VI') 



(EMi)" 1 



(em')- 1 (iv') H*(LM X ™ 3 ) (v , } H*(M ® a «2 ((B O A) <8> A ®3 ApL^M^j)®-^ 1 ^! <8> A) <gu® 3 A Ph (LM x2 )) 



(EMj) -1 



4 PL (LM x2 ))) (K,) h«a' 



ff(A ! (g>l) (W) 



H(T)H (A>®1) (W) 



ff(Comp) 

H*(LM) i— ^ H*(LM Xm2 ) 



(EM)" 1 „ (-l) d ff(A ! ®l) 

■i?*(B <8>a®2 A PL (LM x2 )) — - — ->■ H*(LM x LM). 



cc 
H 

a 

o 
o 

H 

a 
c 

cc 
O 

c 
> 

tr 1 

Q 
C 

a 

H 

cc 
H 
H 



O 
H 

CO 
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We defined the map \& and W for 

*(« ® (o ® «) ® a?) = (-1)M(H+H)+MM U ® (aw 1)® (fli x l)*(x), 

® (a ® u) ® s) = 2(-i)l«all«l+(l v il+l»l)(l«l+l"l)« 2 u ® (ev* i p(uia) • x) , 

respectively. We also see that \t is an isomorphism with the inverse map given 
by 

*- x (<u ® (u <g> a) ® x) = (-l)M(l a l+M) u ® (1 ® aw) ® (i?i x l)*(x). 

Similar for the argument of the proof the commutativity of the diagram (I5.4p , we 
see that the diagram (|5.8I) commutes. We only show the commutativity for the 
diagrams (F) and (DC'). Since the composite Comp o T is homotopic to Comp, the 
diagrams (F) commutes. It is readily seen that the equality 

H(Ri x l)H((A- 1)® 1)H(A- ® (1 <g> 1) <g 1)* = (-l) d iJ(A ! <g> 1)*' 

holds by a straightforward calculation. Since the map Ri is homotopic to the 
identity map, we therefore conclude that 

Dip o Dlcop = (-l) d (Dlcop <g> 1)(1 (g> D/p). 

□ 

6. A TRIVIALITY OR NON-TRIVIALITY OF THE LOOP PRODUCT AND THE LOOP 

COPRODUCT. 

We first introduce a semifree resolution of a minimal Sullivan model (AV, d) for M 
as a AV (gAV- module. Consider the commutative graded algebra AV® AV® A(sV) 
with the differential D given by 

D(v ® 1 <g> 1) = d(v) (8) 1 <g> 1, £>(1 ®d®1) = 1® (8) 1, 

D(l ® 1 <g> s«) = (-w <g> 1 + 1 <g> u) <g> 1 - 22 ^—f~(v ® 1 ® 1), 

i=i ' 

where sV is the suspension of V, that is (sV) n = V n+1 , and s is the unique 
derivation of the algebra AV" (g> AV" (g A(sV) defined by 

s(v (g 1 <g 1) = 1 <g 1 <g> sv = s(l <g v <g) 1), s(l !g) 1 <g> sw) = 0. 

Then, by |3 §15, Examplel], (AV" ® AV ® A{sV),D) is a Sullivan model for M 1 
and 

e := [i- e : AV ® AV ® A(sV) -> Ay 

is a semifree resolution of AV as a AV <g> AV-module. Here, [i is the product of 
AV and e : AV" —> Q is the canonical augmentation. Moreover, the commutative 
differential graded algebra 

(AV" <g A(sV), d) = (AV, d) ® av ®av (AV" <g AV <g A(sV), D) 

is a Sullivan model for the free loop space LM, where the differential d is defined 
as d(v) = d(v), d(sv) — —sd(v). For simplicity, we put 

M M i = (AVigAV® A(sV),L>), M L m = (AV" g A(sV),d). 

We next consider a model for the dual loop product and coproduct. The following 
is a rational coefficient version of the torsion functor description of [12] . If M is a 
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Poincare duality space, models for the products are introduced by [3], [S] and [TP] . 
By the following commutative diagram, 



LM- 



the morphism 



LM x M LM 



LM 




M x M 



M.LM — ® AV /®2 A1 m j M M 1 ®AV® 2 M M' 

(/i®l)®^(/l®l) 

LM <8>AV AfiA/ 



AV <S> AV ®2 Mflj 



induces the map if (Comp) = H((fj, C$> 1) ® p (fj, (g> l))i?(e ® l) -1 in homology. Here, 
c : M — )■ LM is the map which sends x to the constant path at x. The maps 9, Ci 
and ^2 are given as follows: 

(7)( } ~ 1 7(1) l(i<«<l) 

and Ci(7)(*) = 7(3*), (2(7)^) = 7(5* + 3) for 7 € LM. Hence, the dual loop 
product is induced by the following composite in homology 



.1) M 



LM 



AV 1 



' M M> ® AV® 2 A4 
Af LM ®AV A^LM 



A1 



A'®1®1 



LM 



®2 



fSil 



W®2 -^LAf 



Consider the two commutative diagrams, 
(6.2) M x M 



M 7 





L 


M 

p (evi ,evo) 







■ M 1 



(ev!,ev ) M X M ■ 

M x M 



(ev ,evi) 

■ M x M 



M x M 
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(6.3) 



LM x M LM 



Comp 



M- 



a , LM x LM 

(ev ,ev ) 




M X M 



M X M ■ 



A x A 





A' 


inc 







M 1 x M J 



M x2 xM x 2 W» 1 ) x: 



where A' is a map which sends (x,y) to (x,y,y,x). By the diagram (|6.2I) . we see 
that the inclusion AV ® AV ^ ®av® 2 -Mat* is a model for j. Since the 

quotient map 

C : M M ' ® Mil' -Mm' ®af« 2 ■M A f r 

is a model for (£1, (2), by the diagram (|6.3[) . the following composite is a model for 
inc : LM x M LM -> LM x LM; 



MfiV = AV^ 2 ® Avm Mf?i 



Al/(g) Ay g)2 (.Mm* ®av» 2 M M '), 



where /x' is a model for A', that is, //(vi<gW2<8W3<8W4) = (— l)' 1 ' 4 '(' l ' 2 ' + ' l ' 3 "vi'U4(XW2'y3. 
We thus see that the dual loop coproduct is induced by the composite in homology; 



.4) M% * AV® 2 ® AV ®* M% 



■ AV <g> AV ®2 (M M i ®av® 2 M M i) 



M M i <S) AV ®2 (M M i (X> Ay ®2 M M i) 

A ! ®1 



LA-/ 



■ M 



The following is the result of Felix, Halperin and Thomas related to rational 
Gorenstein spaces. 

Theorem 6.1. [6, Proposition 3.4, Proposition 5.1] Let X be simply- connected 
space and assume that the rational homotopy group 7r*(A") (£>Q is finite dimension. 
Then, X is a Q- Gorenstein space with formal dimension 

a:i|:odd |si|:even 

where xi is a basis of tt*{X) (g)Q. 

Let (AV, d) be a minimal Sullivan model for a simply-connected space M . Since 
V is isomorphic to Homz(7r*(X), Q) (0 Lemma 13.11]), if V is finite dimensional, 
then M is a Gorenstein space. We now put 

fdimM= £ laul- £ (1^1 

|:Ej|:odd |a;i|:even 

Before proving Proposition II .31 we give the following lemma. 

Lemma 6.2. For any odd degree elements x±, X2 • • • Xk i n V, 

k 

Y[(-Xi <8> 1 + 1 ® SCj) J (-X1X2 ■ ■ ■ Xk <8> 1 + 1 ® ■ • • Xfc) = 



in AV ® AV. 
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Proof. The proof is induction on k. For k = 1, it is easily seen that (— x\ <g 1 + 1 g> 
x\) 2 = 0. Assume that the equation 

fc-l 

(IT ( — x< <g 1 + 1 <g (—^1^2 • ■ • Xk-i <g 1 + 1 <g ^1^2 • • • a;fe-i) = 
hold. Then, 

(— £fc <g 1 + 1 g Xk){—x\X2 • • • Xfc ® 1 + 1 ® a:ix 2 • • • Xfc) 
=(-2-fe <g 1 + 1 ® Xfe)^(— 0:1X2 • • • <g 1 + 1 (g a;ia;2 • • • Xk~i)(xk g) 1 + 1 ® £fc) 

- g) XlX 2 • ■ ■ £fc_l + XlX 2 ■ ■ ■ (g 

=(-l) fc (ir fc g) ccfc)(-a;ia;2 • • • x fc _i g> 1 + 1 g> xix 2 • • • £fc-i). 
Hence, induction hypothesis shows the assertion. □ 

Proof of Proposition 1.2. (1) Let x\,X2,--- , x n be a homogeneous basis of V = 
V odd . We see that a Ay® 2 -module map A ! : M M i AT/® 2 defied by 

n 

A ! (1) = Y[{-Xi <g 1 + 1 g> Xi), A ! (sx^ ■ ■ ■ sx lk ) = 

i=l 

is a generator of Ext^^* f (AF, A]/® 2 ). We now check that the map A ! is a cycle 
but it is not boundary. For any Xi, we may write dxi — ^2 Xxi t ■ ■ ■ Xi k for some 
A 6 Q. Then, by Lemma [ 



71 

dA-{l) = d(t[{-Xi g> 1 + 1 (g x^ = 



Hence, (dA ! - (-l) d A ! D)(l) = 0. The equality (-a* g> 1 + 1 (g x») 2 = enables 
us to obtain that (dA ] — (— l) d A' D)(sxi) = 0, and similarly, we have (dA ] — 
(-l) d A ! D)(sx h ■■■sx ik ) = 0. Hence A ! is a cycle in Hom^ y82 {Mm 1 , AF® 2 ). 
Any AV® 2 -module map M M ' — > AV® 2 with degree fdimM - 1 send 1 to by 
degree reason, the map A ! is not a boundary. Since A ! (l) is a non-trivial cycle, the 
dual loop product is non-trivial. The equality /xA ! = implies that the dual loop 
coproduct is trivial. 

(2) We first note that if V is generated by even degree basis, the differential d 
is zero by degree reason. Let 2/1,2/2, ••• , y m be a basis of V = V cvcn . Then, the 
Al/® 2 -module map A ! : M M i AV® 2 defined by A ! (l) = and 

A i (sy jl sy h ...sy jl )=( \ ({ji, J 2 , ; • ■ , J.} = {1, 2, • • • , m}) 
v yji yj2 yjiJ | q (otherwise). 

is a generator of Ext^^* f ( AV, AV® 2 ). Indeed, a straightforward calculation shows 
that the map A ! is compatible with the differentials. Also, for any AT/® 2 -module 
map tp : M M i — > AV^® 2 of degree fdimM — 1, the following equation shows that 
A ! is not a boundary: 

{-l) mmM - 1 ^D((sy 1 ---sy m )) 

m 

=(-l) fdimM - 1 ^ ±i>{{- Vi <g 1 + 1 <g yi) (g syt ■ ■ ■ syi- lS y i+1 ■ ■ ■ sy m ) 

i=l 
m 

= ( _ 1)f dimA/-i ±(_ w ® 1 + 1 ® yi )^{s yi ■ ■ ■ ay i - 1 sy i+1 ■ ■ ■ sy m ) ? 1, 
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where ± is the Kuszul sign convention. By (|6.1[) . we have that 
H(e ® l) _1 -ff(Comp)(wii;2 • • • ® s^i sw 2 ■ ■ ■ swt) 

k 

= Yl( v i ■ ■ ■ v i ® 1 ® 1) ® ((1 ® 1) ® (1 ® siOf) - (1 ® sty,-) ® (1 ® 1) 
1=1 

for any • ■ •«/ ® swi ■ ■ • swt in Mlm- Therefore, A ! (l) = implies that the 
dual loop product is trivial. Also the following equations show that the dual loop 
coproduct is non-trivial: 

Dlcop{{\ ® syisy 2 ■ ■ ■ sy m ) ® (1 ® 1)) 

m 

=H(e®l)H(A ] ® l)f JJ(-(1 ® 1 ® syi) ® (1 ® 1 ® 1) ® (1 ® 1 ® 1) 



i=l 

(1 ® 1 ® 1) ® (1 ® 1 ® syi) ® (1 ® 1 ® 1) 
=H(e ® l)((-l)" l (l ® 1 ® 1) ® (1 ® 1 ® 1)) = (-l) m (l ® 1) ^ 0. 
This completes the proof. □ 

We next consider spaces in which a minimal Sullivan model of the spaces are 
pure and first recall the definition of pure Sullivan algebras. 

Definition 6.3. §32 (a)] A minimal Sullivan model is pure if V is finite dimen- 
sional, d(V odd ) cAV ovcn and d(V cvcn ) = 0. 

Let (AV,d) be a pure minimal Sullivan model with V odd ^ {0}, V cvcn ^ {0} 
and £!,••• , x n is a basis of y odd and j/i, • • • , y m is a basis of ^/ cven . Then, we may 
write 

D(sx r ) — (—x r ® 1 + 1 ® x r ) ® 1 — ® syi 

»=i 

in 7W A f/ for some /]" e AV® 2 . For a subset J = {ji < j 2 < ■ ■ ■ < jk} of 
{1, 2, • • • , to}, we put 

syj = sy h sy h ■ ■ ■ sy jk 

for simplicity. Especially, if J is the empty set <f), put sy^ = 1. We now define a 
AV® 2 -module map A ! : Mm 1 — > AV® 2 as follows: for any generator of A(sV), if a 
generator is of the form syj? for some J C {1, 2, • • • , m}, 

n n n n 

aW«) = EE- E (- 1 ) e(J,li, - ,,s5 4 1 ---4*( II 

ii=l 12=1, ifc=lj 

and A ! sends the others to 0. Here, J c is the complementary subset of J, 

A' 

S(j,ti,.-,i fc ) = E^ r + Jr + r ^ !) + fcfdimM + s(a), 

r=l 

(j is a fc-permutation which satisfies < 1) < ■•■ < If cr is a even 

permutation, we put s(cr) = and if cr is a odd permutation, put s(a) = 1. 

Lemma 6.4. 77ie map A ! is a generator 0/ Ext^y™ ^ (A V, AT/® 2 ). 

Proof. It is only enough to check that the map A ! is a cycle and not a boundary 
in Hom^y®2(A / (j\//, AV^® 2 ). Let {ii, i 2 , • • • , ik} be a subset of {1, 2, • • • , n} and a 
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is a fc-permutation such that i a (k) < V(fe-i) < • • • < V(i)- Then, 

n 



i=l, 



^ H (-l) p_1_r (-da;p® 1 + 1® da;*) J] + l 

r=Op=V(fc-r+l) + l »=1, 



where we put a(k+l) = and <r(0) = n+1 for convenient. Since — dx. p ®\+l®dx p 



e;"i/?(-%®i + i 



m k t cr{k — r) — i n n n 

^ ! (*)=EE E EE- E (-i)'"*--^ 1 - 

j=l r=0 p=i„( fc _ r+ i) + i ii = l i 2 =l, »fc = l, 

n 

x (-%® 1 + 1®%)/;.^ •••/;: n ® i + K»«i)- 

i=l, 

A straightforward calculation shows that 



T(fc— r) — l n n 



S(J,i 1 ,-,i k )+P-T--r 



EE E EE- E (-D 

j£j r=0p=i„ (t _ r+1)+1 ii=l 4 2 = 1, »fe=l, 

n 

x (- % ®i + i® % ).fj/; i i ---4 fc [] (-^01 + 1®^) = o 

i=l, 

and 

r) — l n n n 

EE E EE- E (-i)'"*--^- 1 -' 

jGJ c r=0p=i„(i,_ r+ i) + i ii=l i2 = l, »*=1, 

J2^ii ik&i,— >»fc-i 
n 

x (- % + • • • J] ® 1 + 1 ® **) = (-i) fdimM A ! #( syj c). 

»=i, 

Hence, the equation (dA ! - (-l) fdimM A ! L>)(st/jc) = holds. Similarly, for a base 
of A(sV) of the form sx q syjc, we see that (dA { - (-l) fdimM A { D)(sx q sy JC ) = 0. 
Indeed, 

(dA l - (-l) id ™ M A l D)(sx q syjc) 
=(-l) idiinM+1 * ] D(sx q syjc) 

k 

= {- Xq ® 1 + 1 ® * 9 )AW) + (-l)fdi m M^ ( _ 1)jr - v , A ! (sy(J _ { . r})c) . 

r=l 
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Since 



(6.5) "£(-l) m ™ M+ ir- r flA l (sy (J _ {jr}) c) 

r=l 

k n n n n 

=EE- E E - E 

r— 1 — 1 i r __ 1 — 1, i r _|_i=l, i k — l, 

V-i/ii,-" ,i r _2 v+i/n,-" jir-l ifc^Hj— ,*fc-l 

n 

( _ 1)f di m M+ jV -r+e (J _ {ir} , 4l ,... , 4fe)/ g y£ . . . y£ ( J| + j..)^ ; 



i=l, 



we can decompose the right-hand side of (|6.5[) to the following two terms; 



(^) EE- E E - E 

r— 1 ii=l, — 1, 2^4.1—1, 

•ii/g i r _i/g,H,— ,i r _ 2 i r +i^g,n,"- i k ^q,ii,--- ,i k -i 

n 

( _ 1) fdimM+>-r+ e(J _ ov} , il ,..., ifc)/ , / ii ...^ J| (-Si® 1 + 1® SB*)) 

i=l, 

and the sum of the other terms. A straightforward calculation shows that 
the term (|6.6[) is equal to (— a; 9 ® 1 + 1 ® x q )A ] (syjc) and the others is zero. 
Hence, (dA [ - (-l) fdimM A l D)(sx q syjc) = 0. It is readily seen that (dA ! - 
(-l) MimM A-D)(sx" 11 ■■■sx^syjc) = for some m t > 0, it turns out that A ! 
is a cycle in Hom^ l ,« 2 [M-m' , AV® 2 ). By definition of A ! , 

n 

A ! (syi • • • sy m ) = ® 1 + 1 ® Xi). 

i=l 

However, for any AF® 2 -modulc map ip with degree fdimAf — 1, we see that 
{dip - (-l) idbxlM - 1 ipD)(sy 1 ■ ■ ■ sy m ) is not in A^V ^. It implies that A ! is not a 
boundary, and hence we have the assertion. □ 



Proof of Proposition \1.4\ (1) If the differential d is zero, f[ = for any r and i. It 
turns out that, by the formula of Lemma [6.41 A ! (l) = and /iA ! = 0. Similarly 
argument of the proof of Proposition 11.31 (2), the equality A (l) = implies that 
the dual loop product is trivial. We also see that the dual loop coproduct is trivial 
by the equation fiA' = 0. 

(2) By Lemma iH if dimI/ odd > dimV cvcn , then ^A ! = 0. Therefore, we see 
that the dual loop coproduct is trivial. □ 

Example 6.5. Let M = ES 1 x 51 CP 2 be the Borel construction associated to the 
action 

S 1 x CP 2 — > CP 2 , t ■ (x, y, z) = (tx, y, z). 

We see that the space M is a Q-Gorenstein space of formal dimension 3 ([6] Theorem 
4.3]). By [51 Example 7.41], a commutative differential graded algebra (AV,d) = 
(A(x2, W2, w$), d) with \x2\ — U2 —2, \w$ \ =5 and dx2 = du2 = 0, dw^ = U2+X2U?, 
is a minimal pure Sullivan model for ES 1 x 51 CP 2 . A straightforward computation 
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shows that 

D(sw 5 ) = (—Ws ® 1 + 1 ® u> 5 ) ® 1 — / ® su 2 — 5 ® sa; 2 , 

2 o 1 1 2 2 

/ = U 2 ® 1 + U 2 ® U 2 + 1 ® U 2 + -lt 2 ® X 2 + ~X 2 ® «2 + ^2^2 ® 1 + ~ ® ^2^2, 

1 2 « 1 1 2 

.9 = -?i 2 ® 1 + gU 2 ® W2 + g ® «2 

in Hence, by Lemma ROl the AF® 2 -module map A ! satishes that 

A ! (sa;2SU2) = -w 5 ® 1 + 1 ®u; 5 , A ! (sx 2 ) = /, A ! (sit 2 ) = -g, A ! (1)=0. 

It is easily seen that the dual loop coproduct is non-trivial. Indeed, 1 ® SU2 is a 
non-zero element in H*(M L m) = H*(LM;Q), and by ([Q]) . 

Dlcop((l ® sit 2 ) ® (1 ® 1)) 
=#(e ® 1)£T (A ! ® l)£T(e ® l) -1 !^ 8y C)((l ® sw 2 ) ® (1 ® 1)) 
=H(e®l)H(A- ® l)#(e® 1) _1 (1 ® (1 ® 1 ® su 2 ) ® (1 ® 1 ® 1)) 
=H(e ® l)ff(A ! ® 1)(-(1 ® 1 ® su 2 ) ® (1 ® 1 ® 1) ® (1 ® 1 ® 1) 

+ (1 ® 1 ® 1) ® (1 ® 1 ® su 2 ) ® (1 ® 1 ® 1)) 
=H(e® l)((g ® 1) ® (1 ® 1® 1)) 
=«2 ® 1 7^ 0. 

By (JB3J), D/p = i/(A ! ®l®l)i?(e®l)- 1 iJ((^0l)(g) Al (^(8)l))iJ(e(8)l)- 1 . For the 
non-zero element 1 ® sx 2 su 2 sw^ in .ff*(.Mz,M) = H*(LM;Q), 

Dlp(l ® sx 2 su 2 sw§) 
=H(A ] ® 1 ® l)i?(e ® l) _1 ir(0i ® 1) «V (m ® 1)) 
fljK^j ® (1 ® 1 ® sa^s^sitfg) — (1 ® 1 ® sx 2 ) ® (1 ® 1 ® su 2 sw 5 ) 
+ (1 ® 1 ® su 2 ) ® (1 ® 1 ® sx 2 sw 5 ) — (1 ® 1 ® sw 5 ) ® (1 ® 1 ® SS2SU2) 
+ (1 ® 1 ® SX 2 SU 2 ) ® (1 ® 1 ® SW5) — (1 ® 1 ® SU2SW5) ® (1 ® 1 ® sx 2 ) 

+ (1 ® 1 ® sx 2 sw 5 ) ® (1 ® 1 ® su 2 ) — (1 ® 1 ® SX2SU2SW5) ® 1m m /J 
= ff(A ! ® 1 ® 1) 

f 1m m i ® (1 ® 1) ® (1 ® sa;2SU2Sw 5 ) - 1a4 m j ® (1 ® sa; 2 ) ® (1 ® su 2 sw§) 

+ ^-M M i ® (1 ® su 2 ) ® (1 ® sx 2 sw 5 ) - Im mI ® (1 ® sw 5 ) ® (1 ® SX 2 SU 2 ) 

+ 1m m , ® (1 ® sx 2 su 2 ) ® (1 ® sv 5 ) - Im m i ® (1 ® su 2 sw 5 ) ® (1 ® sx 2 ) 

+ 1m m i ® (1 ® sx 2 sw 5 ) ® (1 ® su 2 ) - Im mI ® (1 ® sx 2 su 2 sw 5 ) ® (1 ® 1) 

+ 3((?i 2 ® 1 + 1 ® u 2 ) ® su 2 ) ® (1 ® su 2 ) ® (1 ® sx 2 su 2 ) 

+ ((u 2 ® 1 + 1 ® u 2 ) ® sx 2 ) ® (1 ® su 2 ) ® (1 ® SX 2 SU 2 ) 

+ ((x 2 ® 1 + 1 ® x 2 ) ® sm 2 ) ® (1 ® su 2 ) ® (1 ® sa; 2 sM2) 

+ ((u 2 ® 1 + 1 ® u 2 ) ® sm 2 ) ® (1 ® sa; 2 ) ® (1 ® sx 2 su 2 ) 

+ 3((m 2 ® 1 + 1 ® u 2 ) ® sm 2 ) ® (1 ® sx 2 su 2 ) ® (1 ® su 2 ) 

+ ((u 2 ® 1 + 1 ® u 2 ) ® sx 2 ) ® (1 ® sa;2SM 2 ) ® (1 ® su 2 ) 

+ ((x 2 ® 1 + 1 ® x 2 ) ® sit 2 ) ® (1 ® SX2SW2) ® (1 ® su 2 ) 

+ ((u 2 ® 1 + 1 ® U 2 ) ® SM 2 ) ® (1 ® SX 2 SU 2 ) ® (1 ® SX 2 ) ) 



26 



TAKAHITO NAITO 



2 2 

= o i x 2U2 ® SU 2 ) ® (li2 ® SX2SM2) + ^(«2 ® S« 2 ) ® (x 2 U 2 ® SX 2 SU 2 ) 

+ -(12I2 ® SM 2) ® (1 <& SX2SU2) + -(1 ® SU 2 ) ® (x 2 M 2 ® SX2SU2) 

o 

1 2 

- -(i4 (8 sz 2 ) ® (1 <g> sx 2 su 2 ) - -(u% ® sx 2 ) ® (u 2 ® sx 2 su 2 ) 

2 1 

— -(u2 ® sx 2 ) €3 (m 2 ® sx 2 su 2 ) - -(1 ® sir 2 ) ® (u 2 €3 sx 2 su 2 ) 

2 2 
+ t(%2U2 ® SX2SU2) ® (u2 ® SM2) + -(w 2 €3 sx 2 su 2 ) ® (x 2 w 2 ® su 2 ) 

o 

+ ^(x 2 ul ® sx 2 sm 2 ) ® (1 ® su 2 ) + -(1 ® sir 2 su 2 ) ® (x 2 m 2 ® su 2 ) 

1 2 

— ® sx 2 su 2 ) ® (1 ® sx 2 ) - ® sa; 2 su 2 ) ® (u 2 sa; 2 ) 

2 1 

- q( M 2 ® sx 2 su 2 ) ® (u 2 ® SX2) - -(1 ® sx 2 su 2 ) ® (u| ® sx 2 ) 7^ 0. 

Here, ljvt 1 := 1 ® 1 ® 1 in .M j^/. Therefore, the dual loop product is non-trivial. 
The same calculation described above shows that 

Dlcop(Dlcop ® 1)((1 ® sm 2 ) ® (1 ® 1) ® (1 <8) su 2 )) = v>i ® 1 7^ 0. 

Therefore, it is an example which (Lcop® l)Lcop is non-trivial. 
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